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Abstract
An analytical method for diagnosis of cracks in thick-walled pipes with a circular hollow section is investigated in this study. In the 
proposed method, the defect is assumed to be a non-leaking crack, which is modeled by a massless linear spring with infinitesimal 
length at the crack location. In order to find the cracks in the pipe, the vibration-based method related to the modal properties of the 
pipe is utilized. In the modal analysis, the mass and stiffness matrices influence the dynamic properties of the pipe. It is assumed that 
the mass matrix remains unchanged after the crack initiation, while the corresponding stiffness matrix changes. The stiffness matrix 
of a cracked element can be formulated by the finite element method with two unknown parameters: location and depth of the crack. 
Using the eigensolution for an undamped dynamic system to formulate the objective function yields to a complicated optimization 
problem, which can be solved by an iterative numerical optimization method. Among the optimization approaches, the Artificial Bee 
Colony (ABC) algorithm is a simple and flexible technique for minimizing the objective function. In this paper, the analytical model 
is utilized to find the size and position of cracks in a pipe using the ABC algorithm and subsequently some numerical examples are 
examined in order to assess the accuracy of the method. The results show that the proposed method is able to acceptably estimate 
the location and depth of multiple cracks in the straight pipes as well as curved ones.
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1 Introduction
The presence of cracks in pipe structures is one of the 
most typical damage patterns which results in serious 
disadvantages to the safety and serviceability of the sys-
tem. This makes the detection of the cracks in such struc-
tures so crucial. The damage detection can be achieved 
by nondestructive tests; however, in large-scale structures 
this method may become a tedious procedure. In recent 
years, many researchers have been working to find low-
cost and reliable methods to determine the damage loca-
tion and its severity and have been able to introduce some 
analytical techniques as an alternative method for dam-
age detection.
After the crack initiation, dynamic characteristics of 
structures as well as their static behavior change. The dif-
ference between the static and dynamic responses of the 
healthy and cracked structures has been utilized by many 
researchers to develop analytical methods in order to detect 
the damage [1]. Analytical methods can be categorized into 
two categories: the deflection-based and vibration-based 
techniques. The deflection-based techniques are simple 
methods which can be carried out easily by either exper-
imenting or performing static analyses on the damaged 
structure [2–4]. In the vibration-based approach, a number 
of studies have been carried out utilizing vibration spec-
ifications of structures such as the natural frequencies, 
mode shapes, modal strain energy modal curvature and 
flexibility, etc. [5–12]. The effectiveness of the two men-
tioned techniques in diagnosing damages has been studied 
by researchers [13]. Among these studies, many research-
ers have used two dynamic characteristics simultaneously 
for improving the efficiency of their crack detection pro-
cedure [14–16]. Others have used the experimental data 
to investigate the efficiency of the damage detection tech-
niques [17]. The sensitivity of the damage identification 
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results to the placement of sensors for collecting the exper-
imental data has also been studied based on a three-level 
analysis in order to select the efficient location of sensors 
for damage detection [18].
Since the modal properties of a structure are calculated 
based on its mass and stiffness matrices, a proper defini-
tion of these matrices for a cracked structure is an essen-
tial part of the analytical method. The mass matrix can be 
assumed to remain unchanged after the crack appearance 
and may be represented by the consistent mass matrix in 
the finite element method [19]. On the contrary, the stiff-
ness matrix changes with the initiation of the crack. 
To simulate the effects of a crack on the stiffness matrix 
in beam-like structures, some researchers have treated the 
crack as a local point of flexibility, assuming that the crack 
affects the moment of inertia of the cross-section along 
the beam's length [20, 21]. In this approach, the moment 
of inertia is gradually reduced with moving closer toward 
the crack location along the beam's longitudinal axis. 
This requires an excessive number of elements to simulate 
the crack behavior with a reasonable accuracy in a finite 
element approach, since each segment of the beam has 
a different section property. To simplify, some research-
ers have substituted the crack with a concentrated rota-
tional massless spring. Thus, the section properties remain 
unchanged throughout the beam except for in the crack 
location, and hence fewer finite elements are needed to 
simulate the crack behavior. This method has been utilized 
to identify cracks in beam-like structures with a rectangu-
lar section [22–26]. 
Cracked beams with a circular hollow section have also 
been investigated by some researchers [27, 28]. Similar to 
the studies on beams with rectangular section, they have 
replaced the crack with a rotational spring connecting two 
segments of the pipe at the sides of the crack. Experimental 
data has been utilized to estimate the equivalent stiffness 
of the crack in thick-walled pipes and the results have been 
used for detecting a single crack in straight pipes. A sim-
ilar research has been carried out to detect two cracks in 
a straight pipe [29]. In all of three studies, the success-
ful detection of cracks is dependent on the accuracy of 
the experimental modelling. The variation in the bound-
ary conditions and supports, existence of multiple cracks, 
and pipe indirection necessitate a fresh formulation and 
experimental tests for each case. The stiffness of the crack 
in a thick-walled hollow circular section can be obtained 
using the fracture mechanics [30] and analytical macro 
modelling [31]. The great advantage of this type of model-
ling is its ability to simulate the behavior of a cracked pipe 
without needing any experimental data. 
Finding the damage in a pipe structure using the eigen-
solution can be transformed into a complex optimization 
problem [32, 33]. In recent years, iterative techniques 
based on the swarm intelligence have attracted consider-
able attention from researchers for solving complicated 
optimization problems. The Artificial Bee Colony (ABC) 
algorithm is one of the stochastic nature-inspired tech-
niques which was developed based on the collective coop-
erative behavior of honey bees in finding the superlative 
flowers' nectar [34, 35]. The ABC algorithm has only three 
setting parameters in its search process which makes it 
simpler and more flexible compared to other known algo-
rithms. The efficiency and competitivity of the ABC algo-
rithm have been examined by its application to several 
numerical problems [36].
In this paper, the detection of non-leaking cracks in 
a circular hollow section is studied as an optimization prob-
lem. Here, a transverse crack is dealt with as an equivalent 
massless rotational spring and the obtained data from the 
macro element is used in lieu of the experimental data for 
the inverse problem. The eigensolution is utilized in order 
to formulate the objective function. The mass matrix, nat-
ural frequencies, and mode shapes in the objective func-
tion are considered as known values. Based on the avail-
able experimental data, some numerical examples are 
employed to examine the performance of the proposed 
method where the ABC algorithm is applied to identify 
the unknown crack parameters in order to detect the crack 
location and size. 
2 Model of the cracked pipe
Existence of cracks in a pipe affects its mechanical proper-
ties such as mass and stiffness. A pipe can be modeled as 
a Timoshenko beam with four degrees of freedom: a trans-
verse displacement in the ξ direction and a rotation about η 
axis at each joint (Fig. 1). To model a cracked pipe, it can be 
assumed that the mass of the system does not change after 
initiation of the crack, therefore the healthy and cracked 
pipes have the same mass matrices. The upper triangular 
terms of the mass matrix can be represented by a consistent 
mass matrix incorporating rotary inertia [19] as 
m D D= +
1 2 , (1)
where
















































































ρ is the material density, Iη is the moment of inertia of 
the pipe section about the η axis and le denotes the length 
of the element. As mentioned before, utilizing the distrib-
uted bending stiffness in cracked pipe modelling requires 
too many elements and a tedious computational effort to 
simulate the cracked behavior with a reasonable degree of 
accuracy. To surmount this problem, the cracks are con-
sidered as a massless rotational spring with an infinites-
imal length at the crack location in a macro model [31] 
which will substantially decrease the number of elements 
needed to model the cracked pipe with a suitable accuracy. 
Hence, the macro model approach is utilized in this study 
to represent the stiffness matrix. In the modelling process, 
it is assumed that the section properties of the cracked 
pipe will remain unchanged along the pipe axis except at 
the location of the crack (Fig. 1). The fictitious rotational 
spring divides the pipe into two segments. Assume that xc 
is the crack location with respect to the left end of the pipe. 
As shown on Fig. 2, the force and displacement vectors of 
the cracked element can be represented by [F1 M1 F2 M2] 
and [v1 θ1 v2 θ2], respectively. The stiffness matrix of the 
cracked element, k, can be derived based on the relation-
ships between forces (moments) and displacements (rota-
tions) of member ends.
Using the finite element method, the upper triangular 
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kc is the equivalent rotational spring stiffness of the 
crack and β denotes the crack position ratio equal to xc/le. 
The parameters v and E are the Poison's ratio and modu-
lus of elasticity of the pipe material, respectively. G and As 
are the shear modulus of elasticity and shear area, respec-
tively. Based on the fracture mechanics theory [30] the 
rotational stiffness of the massless spring of the crack in 
a  thick-walled pipe [31] is expressed by kc = 1/[2D(a)], 

































where 2b is the maximum crack width ( )2 2 2 0
2b R R ao= ( )− −  
and a and t are the crack depth and thickness of the pipe, 
respectively. The crack depth ratio, α, varies from zero for 
no crack to one for the leaking crack. R0 is the outer radius 
of the pipe section. h is defined as h Ro= −2 2η  and the local 
length of the strip is R R ao o2 2− −−η ( ) . In Eq. (5), z varies 


























. . sin /
cos /
. (6)
Therefore, the stiffness of a cracked element is related 
to the crack parameters, α and β, in addition to the pipe 
geometry and material. Calculating the complicated inte-
gral (Eq. (5)) to obtain the equivalent spring stiffness is 
done numerically using the Gaussian quadrature rule, how-
ever, to facilitate the calculation for engineering practices 
the stiffness of the rotational spring can be represented by 
Fig. 1 Using a rotational massless spring to model the crack in the pipe
Fig. 2 The simple model of a cracked pipe
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the following equation with a maximum relative error of 
3 %. In this formula, 𝓂 and 𝓅 are two parameters that are 
given in the Appendix A for different pipe sizes per ISO 
4200 pipe specifications.
k E Rc =
−1 2
0ν
𝓂 𝓅  (7)
3 The crack detection procedure
In this study, the dynamic characteristics of the cracked 
pipe is utilized for the damage detection procedure. 
Previous studies have shown that the results of static and 
dynamic analyses of a cracked pipe using the macro model 
are in good agreement with the experimental results [31], 
so in this study the analytical model is used in lieu of 
experimental data to verify the effectiveness of the pro-
posed method.
The free vibration of an undamped dynamic system is 
presented by the following differential equation:
M Kx x+ = 0 , (8)
where M and K are the mass and stiffness matrices of 
the structure, respectively, and the two over-dots indicate 
the second derivative with respect to time. In a cracked 
pipe, it is assumed that there is no change in mass after 
cracking, so the eigensolution of the cracked pipe can be 
described by: 
K Md d n
d dϕ ω ϕ− =2 0 . (9)
The superscript d denotes the damaged state of the sys-
tem. φ and ωn are the matrices of the mode shapes and nat-
ural frequencies of the structure, respectively. The pres-
ence of the crack changes the stiffness of the structural 
element which can be represented as a function of prop-
erties of the crack and specifications of the pipe. Using 
finite element procedure to assemble stiffness matrix of 
elements [19], the stiffness matrix of the pipe structure 
can be obtained with respect to parameters αj and βj as 
K = K(αj, βj) where subscript j denotes the jth element of 
the finite element model. By considering the eigensolution 
of the cracked pipe system, all natural frequencies and 
corresponding mode shapes should satisfy Eq. (9), so it is 
possible to rewrite it as:





dϕ ω ϕ− = = …2 0 1, , , (10)
where n is the number of degrees of freedom of the struc-
ture which is equal to the number of its mode shapes. 
Since the length of the left side of Eq. (10) is zero, one can 
consider the following scalar function as an optimization 
objective function:















=∑ ϕ ω ω ϕ2 21 . (11)
The superscript T denotes the transpose of a matrix. By 
minimizing f in Eq. (11), the stiffness matrix is obtained 
such that the objective function would be next to zero, 
so the main aim in this problem is to find the correct 
crack parameters, αj and βj j ϵ[1,2,…,NE], to minimize 
the objective function. 
To simulate the inherent noise existing in practical 
measurements, the natural frequency vector can be con-
taminated with a predefined noise level with the following 
mathematical expression
ω ω ηnoisy rand= + −( )1 1 1. [ , ) , (12)
where η is the noise level and rand denotes a uniformly 
distributed random number between –1 and 1.
Exploring the optimum solution through probable can-
didates can be carried out by an optimization approach. 
Solving such complicated equation by classical tech-
niques is very tedious, so the numerical algorithm is uti-
lized here to find the best solution across the solution space. 
The ABC algorithm is a popular one which was proposed by 
Karaboga [34, 35]. This approach has been developed based 
on the intelligent behavior of honeybee swarms. The algo-
rithm is very simple and flexible and requires fewer set-
ting parameters compared to similar algorithms such as ant 
colony, genetic, etc. [36]. The ABC algorithm needs only 
three initial parameters to commence the optimization pro-
cedure, namely the number of food sources (NF), the num-
ber of bee flights for food search without any increase in 
the food quality (limit), and the maximum cycle number of 
the search (MCN). Thus, due to its robustness and fast con-
vergence, this approach is adopted in the current study to 
solve the crack detection issue as an optimization problem. 
Fig. 3 Cross section of a pipe at the crack location
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The ABC procedure to determine the depth and loca-
tion of a crack is originated from the real behavior of the 
honeybees. The ABC algorithm uses an iterative process 
same as other evolutionary algorithms and the initial pop-
ulation (γ) is generated haphazardly as follows:
= … 1 2 NF
Tγ γ γ γ , (13)
where γ is a vector which includes both depth and loca-
tion ratio of the crack and NF is the number of employed 
bees equal to the number of food sources. The required 
number of employees depends on the nature of the prob-
lem, however using more employees increases the speed of 
finding the solution but may yield to an expensive compu-
tational process. Each artificial bee or food candidate γi is 
evolutionary modified in each step of the algorithm to find 
the best solution and can be defined by a row vector with 
a length of 2NE as:
i i i i j i j i NE i NE= … … α β α β α β, , , , , ,1 1γ , (14)
where NE is the number of elements in the finite ele-
ment model. αi, j and βi, j denote the crack depth and loca-
tion ratio of jth element for ith food source. In the crack 
detection problem, the location and severity of cracks are 
defined as parameters for each element, thus the number 
of parameters is equal to 2NE. The parameters αi, j and βi, j 
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Lj and Uj are the lower and upper band limits of the jth ele-
ment related to the crack properties. rand[0,1] is a random 
number between 0 and 1. The subscript j represents the 
variable number ( j = 1,2,…,NE) and the subscript i denotes 
the solution or the food source number (i = 1,2,…,NF).
In the first run, some random solutions (food source) 
are generated and assigned to each bee. To find a probable 
better solution, every employed bee searches the neighbor-
hood of its currently related food source. The new solution 
could be given as:
i j
new
i j i j k j rand k i, , , , . [ , ]= +( ) − ≠− 1 1γ γ γ γ , (16)
where k is determined randomly and it also differs from 
i to ensure that the step size has some upgrading in solv-
ing the optimization problem. rand[–1,1] is a random 
number in the interval [–1, 1]. The employed bees share 
the information of searched solution space in the hive by 
the waggle dance. The fitness value of ith food source is 
obtained by the following equation:
γFit Fi i( ) / ( )= +( )1 1 γ  (17)
And the probability of each food source is obtained as:
P Fit Fiti i kk
NF
( ) ( ) / ( )=
=∑ 1γ γ γ . (18)
Different schemes can be used to calculate the proba-
bility value of the food source. One common formulation 
for this purpose is:
P Fit Fiti i i( ) . ( ) / max .= ( ) +0 9 0 1γ γ γ , (19)
which is used in this study to calculate the probability 
of each candidate. Considering the greedy selection, the 
superior food source has the greater chance to be selected 
for the next search. If the quality of a food source can-
not be further improved through a predefined number of 
searches (limit), the current location will be abandoned 
and replaced by a new solution according to Eq. (15). 
The process will iterate until it reaches the max cycle 
number (MCN). The best food source during the iteration 
is memorized and reported at the end as the best solution.
4 Examples
In this section, the robustness and effectiveness of the ABC 
algorithm to detect cracks in pipes using the macro model 
are shown by two numerical examples. Thick-walled pipes 
with a circular hollow section are considered for this pur-
pose. The cracks are modeled as non-leaking type. The first 
example is a straight pipe whose experimental data is avail-
able in ref [29]. In the second example, a non-straight pipe 
is examined in order to show the ability of the proposed 
approach in analytically finding existing cracks in a non-
straight pipe. In each example, the crack properties, depth, 
and location are found using the ABC algorithm by mini-
mizing the appropriate objective function.
4.1 The straight pipe
Here, two examples are considered based on the cracked 
pipe's material either made of mild steel or aluminum. 
The related experimental data can be found in ref [29]. 
Among several water pressure conditions tested in the 
experiments reported in these references, the pressure 
equal to 0.491 MPa is selected. Both ends of the pipe were 
closed by a cap and one end was connected to a hydrau-
lic pump for creating the inner water pressure. The cracks 
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were generated by a wire-cut machine with a wire diame-
ter of 0.15 mm. The natural frequencies were measured by 
an accelerometer fixed by wax on top of the pipe 0.20 m 
away from one of the supports. The Young modulus of 
elasticity for aluminum and mild steel pipes was obtained 
through the measurement of their second natural fre-











Both aluminum and steel pipes were simply supported 
at their ends as shown in Fig. 4(a). The geometry and 
material properties of the mild steel and aluminum pipes 
are shown in Table 1.
Four different scenarios of the crack occurrence are 
examined here based on the experimental data. The crack 
properties for each scenario are presented in Table 2. Two 
first scenarios contain only one crack in the first quarter of 
the pipes' length while the others have two simultaneous 
cracks one in the first quarter and one in the second quar-
ter of the pipes' length.
In order to determine the suitable number of finite elements 
required to accurately model the pipes, a convergence test 
has been used for computing their natural frequencies [31]. 
Using ten elements has provided an acceptable accuracy, 
based on the experimental measurement data, with a max-
imum error of 3 % for the pipe with internal pressure of 
0.491 Mpa. So, to model the cracked pipe, a finite element 
model with ten elements with equal lengths is utilized here 
as shown in Fig. 4(b). The length of each element for the 
aluminum and mild steel pipes are 8.70 cm and 8.00 cm, 
respectively. Considering the crack depth and location as 
unknown parameters for each element, the damage detec-
tion is practically converted into an optimization problem 
with 20 parameters which have to be found. The parameters 
are limited to the real values such that the crack depth ratio 
(a/t) and the crack location ratio (xc/le) vary from 0 to 1. 
The crack depth ratio is equal to zero when no crack is 
appeared in the element, while the values greater than one 
mean a leaking crack which is not permissible in this study. 
The value of the crack location ratio also varies from 0 to 
1 corresponding to the start and end of an element, respec-
tively. Therefore, the solution for the optimization problem 
in this example is a vector with a length of 20, compris-
ing of crack depth and location ratios of all pipe elements. 
A predetermined number of vectors (bees) with a length 
of 20 is utilized here to find the solution. As stated before, 
according to the artificial bee colony algorithm, the con-
sidered vectors are intelligently modified until the solution 
vector is obtained. Food source number is a preset parame-
ter of the ABC algorithm and can be set based on the com-
plexity of the problem. The more complex the nature of 
a problem is, the higher food source number is required to 
efficiently find the solution. The number of food sources 
affects the speed of convergence of the ABC algorithm, 
however, an in-depth assessment of this subject is out of 
the scope of this study. For the current example, a value of 
20 has been selected for the number of food sources and the 
number of the bees with a quick discussion presented at the 
end of this example. The maximum number of iterations 
for changing the set of vectors (i.e., the number of the bee 
flights to the food sources) is ruled by the maximum cycle 
number (MCN) which is set to be 3000 in this example to 
ensure the cracks are detected correctly. 
Fig. 5(a) and (b) show the results of the proposed pro-
cedure to find the crack location and depth ratios for each 
structural element using the ABC algorithm in the case of 
one crack in aluminum and steel pipes, respectively. As can 
be seen, the predicted crack location as well as the crack 
depth are in good agreement with those of the tested pipes 
with a minimal error for both scenarios. The results of the 
crack identification method in the case of two simultaneous 
(a)
(b)
Fig. 4 (a) The cracked simply supported pipe configuration and (b) 
Finite element model of the cracked pipe













Aluminum 87 16.50 10.00 62.44 2645
Mild steel 80 16.00 9.75 179.54 7860
Table 2 Crack properties in the steel and aluminum pipes
Scenarios number
One crack Two cracks
1 2 3 4
xc1/L 0.207 0.403 0.207 0.250
a1/t 0.191 0.508 0.191 0.203
xc2/L - - 0.350 0.403
a2/t - - 0.381 0.508
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cracks are depicted in Fig. 6(a) and (b) for the aluminum 
and mild steel pipes, respectively. The results show that the 
crack location and depth can be obtained for the two con-
sidered scenarios with a reasonable accuracy. 
The existing error in the results of the proposed pro-
cedure can be categorized into two types: the error of 
modeling related to the discretization in the finite element 
approach which can be reduced by increasing the number 
of elements; and the error pertaining to the noise effect 
generally observed in practical measurements. In order 
to deal with the latter and to better simulate the realistic 
conditions, a level of noise can be added to the terms of 
the mode shapes. Fig. 7 shows the convergence history of 
the ABC algorithm for 3000 iterations with different noise 
levels for the first scenario using 20 bees. As shown in the 
figure, when the noisy data is used, the number of itera-
tions required for crack detection increases. This figure 
shows that although the convergence rate reduces in pres-
ence of the noise in the experimental data, the proposed 
method is still able to detect the depth and location of the 
cracks with an acceptable accuracy. 
The detected crack parameters for a noise-free set of 
data are shown in Table 3 in different stages of the pro-
cess. The horizontal axis depicts the pipe element num-
ber while the vertical axis shows the crack location ratio 
(light-color bars) and crack depth ratio (dark-color bars). 
As it can be seen that as the iterations proceed, the crack 
depth ratio concentrates on the defective element and con-
verges to zero for other elements. If no crack depth ratio 
appears for an element with a nonzero value for its crack 
location ratio, it means that the element has no crack. 
Although there is some error in estimating the crack 
location and depth ratios in both numerical examples, it is 
generally low and negligible and the proposed method is 
able to robustly detect the cracks in the pipe. To enhance 
the accuracy of the crack identification, increasing the 
number of elements in the finite element model can be sug-
gested as a simple solution. 
(a)
(b)




Fig. 6 Detection of two cracks in a straight pipe: (a) Aluminum pipe and 
(b) Steel pipe
Fig. 7 Effect of noisy data in crack detection convergence rate 
Banimahd and Rahemi
Period. Polytech. Civ. Eng., 65(3), pp. 866–877, 2021|873
As explained before, the determination of the number 
of employed bees utilized for finding the food source is 
in itself an optimization problem. There is an optimum 
number of bees for each problem, which provides a suit-
able convergence speed with a reasonable computational 
effort. The effect of the number of bees on the conver-
gence speed of the objective function is shown in Fig. 8 
for the first scenario. As the number of bees increases, the 
convergence happens at a higher rate, but requires more 
computational effort. As it can be seen, the increase in 
the bee population from 10 to 20 has a dramatic effect on 
the convergence speed, but it is not as efficient when it is 
increased from 20 to 80. The optimum population of bees 
can vary from one problem to another, so it is advisable to 
initially perform a sensitivity analysis on this parameter 
to find the most cost-effective value to use throughout the 
optimization process.
4.2 The non-straight pipe
In the previous example, it was shown that the numerical 
simulation of the test results can be used as successfully 
as the real tests even when noise was added to the numer-
ical results, so in this example a numerical model is used 
in lieu of real test results. Here, a non-straight steel pipe 
with multiple cracks is considered as shown in Fig. 9(a). 
Two crack scenarios are assumed according to Table 4. 
The pipe properties and pressure condition are the same 
as described in the preceding example. The finite element 
model of the pipe is depicted in Fig. 9(b) and the length of 
elements is tabulated in Table 5. The number of elements 









Fig. 8 The effect of the bee population on the convergence speed 
(Scenario 1)
Table 4 Considered crack properties in the non-straight pipe




















Length 87.5 85 50 75
(b)
Fig. 9 (a) The non-straight pipe and (b) Finite element model of the 
cracked pipe
(a)
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can be increased easily to enhance the accuracy of the finite 
element model for damage detection, but 16 seems to be 
sufficient for this example. In the first scenario, the cracks 
are assumed to be occurring in elements #3, 8, 12, and 16, 
while in the second scenario, only elements #3 and 16 are 
assumed to have cracks. Here, 64 artificial bees are uti-
lized for the ABC algorithm. As described before, increas-
ing the number of bees improves the search quality but 
results in an increase in the fly time as well. Also, presence 
of the noise in the experimental data reduces the conver-
gence speed. For example, for Scenario 1, the convergence 
occurs approximately after 2000, 4000 and 5000 steps for 
noise levels of 0 %, 1 %, and 2 %, respectively. 
In Fig. 10 are illustrated the results of the damage 
detection procedure for the non-straight hollow-section 
pipe in the two different scenarios. The results show that 
the numerically assumed cracks are predicted by the pro-
posed method with a reasonable accuracy. This example 
also shows the ability of the proposed method in finding 
multiple cracks without any need to measurement-based 
verification of the crack stiffness. 
5 Conclusions
In this paper, a method was presented based on the ABC 
algorithm to detect the location and depth of cracks in 
pipes with a circular hollow section using their modal 
properties. A macro element which simulates a crack in 
a thick-walled pipe as a rotational massless spring was uti-
lized to calculate the stiffness matrix of the cracked pipe. 
The consistent mass matrix incorporating rotary inertia 
were also used. In order to formulate an objective func-
tion, the eigensolution of an undamped dynamic system 
representing the cracked pipe was utilized. The ABC algo-
rithm was employed to minimize the objective function to 
identify the crack location and depth. Numerical exam-
ples were studied to verify feasibility and accuracy of 
the presented approach. The crack detection method was 
carried out for the straight and non-straight pipes under 
two different scenarios to consider various conditions of 
crack occurrence. The results indicated that the proposed 
method was able to detect the location and depth of the 
cracks with an acceptable accuracy. Moreover, it was 
shown that the cracks could be diagnosed without using 
the measurement-based validation of the crack stiffness. 
(a)
(b)
Fig. 10 Detection of cracks in a non-straight pipe: (a) Scenario 1 and 
(b) Scenario 2
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Appendix A




0.25 0.50 0.75 1.00
𝓂 𝓅 𝓂 𝓅 𝓂 𝓅 𝓂 𝓅
0.5 9.53E+02 5.49 1.70E+02 5.49 6.25E+01 5.48 3.08E+01 5.47
0.6 6.04E+02 5.49 1.08E+02 5.49 3.96E+01 5.48 1.96E+01 5.48
0.8 2.95E+02 5.49 5.27E+01 5.49 1.94E+01 5.48 9.58E+00 5.48
1 1.69E+02 5.49 3.04E+01 5.49 1.12E+01 5.48 5.55E+00 5.47
1.2 1.07E+02 5.49 1.93E+01 5.49 7.11E+00 5.48 3.53E+00 5.47
1.4 7.32E+01 5.49 1.32E+01 5.49 4.88E+00 5.48 2.43E+00 5.47
1.6 5.23E+01 5.49 9.40E+00 5.49 3.47E+00 5.48 1.72E+00 5.48
1.8 3.89E+01 5.50 6.99E+00 5.49 2.58E+00 5.49 1.28E+00 5.48
2 2.99E+01 5.50 5.37E+00 5.49 1.98E+00 5.49 9.80E-01 5.48
2.3 2.11E+01 5.49 3.80E+00 5.49 1.40E+00 5.48 6.97E-01 5.48
2.6 1.55E+01 5.50 2.78E+00 5.49 1.02E+00 5.49 5.07E-01 5.48
2.9 1.18E+01 5.50 2.12E+00 5.49 7.83E-01 5.49 3.89E-01 5.48
3.2 9.21E+00 5.50 1.65E+00 5.49 6.07E-01 5.49 3.00E-01 5.49
3.6 6.87E+00 5.50 1.23E+00 5.49 4.54E-01 5.49 2.25E-01 5.49
4 5.26E+00 5.50 9.41E-01 5.50 3.45E-01 5.49 1.70E-01 5.49
4.5 3.93E+00 5.50 7.03E-01 5.49 2.58E-01 5.49 1.28E-01 5.49
5 3.02E+00 5.50 5.40E-01 5.50 1.98E-01 5.49 9.80E-02 5.49
5.4 2.49E+00 5.50 4.46E-01 5.49 1.64E-01 5.49 8.11E-02 5.49
5.6 2.27E+00 5.50 4.06E-01 5.50 1.49E-01 5.49 7.38E-02 5.49
6.3 1.69E+00 5.50 3.03E-01 5.50 1.11E-01 5.49 5.50E-02 5.49
7.1 1.26E+00 5.50 2.25E-01 5.50 8.26E-02 5.49 4.08E-02 5.49
8 9.32E-01 5.50 1.67E-01 5.50 6.14E-02 5.49 3.03E-02 5.49
8.8 7.35E-01 5.50 1.32E-01 5.50 4.84E-02 5.49 2.39E-02 5.49
10 5.34E-01 5.50 9.56E-02 5.50 3.52E-02 5.49 1.74E-02 5.49
11 4.21E-01 5.50 7.56E-02 5.49 2.78E-02 5.49 1.38E-02 5.49
12.5 3.07E-01 5.50 5.51E-02 5.49 2.03E-02 5.49 1.01E-02 5.49
14.2 2.23E-01 5.50 4.02E-02 5.49 1.49E-02 5.49 7.41E-03 5.49
16 1.66E-01 5.50 3.00E-02 5.49 1.11E-02 5.49 5.55E-03 5.49
17.5 1.33E-01 5.50 2.41E-02 5.49 8.94E-03 5.49 4.47E-03 5.48
20 9.56E-02 5.50 1.74E-02 5.49 6.47E-03 5.49 3.24E-03 5.48
22.2 7.39E-02 5.49 1.35E-02 5.49 5.03E-03 5.48 2.53E-03 5.48
25 5.51E-02 5.49 1.01E-02 5.49 3.78E-03 5.48 1.90E-03 5.48
28 4.17E-02 5.49 7.65E-03 5.49 2.88E-03 5.48 1.46E-03 5.47
30 3.52E-02 5.49 6.47E-03 5.49 2.44E-03 5.48 1.24E-03 5.47
32 3.00E-02 5.49 5.53E-03 5.49 2.09E-03 5.48 1.06E-03 5.47
36 2.25E-02 5.49 4.17E-03 5.48 1.58E-03 5.48 8.09E-04 5.47
40 1.74E-02 5.49 3.23E-03 5.48 1.24E-03 5.47 6.34E-04 5.46
45 1.30E-02 5.49 2.44E-03 5.48 9.38E-04 5.47 4.84E-04 5.46
50 1.01E-02 5.49 1.90E-03 5.48 7.34E-04 5.47 3.81E-04 5.46
55 7.99E-03 5.49 1.52E-03 5.47 5.90E-04 5.46 3.08E-04 5.45
60 6.47E-03 5.49 1.24E-03 5.47 4.83E-04 5.46 2.54E-04 5.45
65 5.33E-03 5.48 1.02E-03 5.47 4.03E-04 5.46 2.12E-04 5.44
